Abstract. In this paper we study L 1 -convergence of the r -th derivatives of Fourier series with complex-valued coefficients. Namely new necessary-sufficient conditions for L 1 -convergence of the r -th derivatives of Fourier series are given. These results generalize corresponding theorems proved by several authors (see [7], [10], [13], [19]). Applying the Wang-Telyakovskii class (BV) σ r , σ > 0, r = 0, 1, 2, . . . we generalize also the theorem proved by Garrett, Rees and Stanojević in [5]. Finally, for σ = 1 some corollaries of this theorem are given.
Introduction
Let {c k : k = 0, ±1, ±2, . . .} be a sequence of complex numbers and the partial sums of the complex trigonometric series For m = 1, the class (BV ) 1 is the class of complex sequences of bounded variation.
If the trigonometric series (1.1) is a Fourier series of some f ∈ L 1 , we shall write c n =f (n), for all n and the partial sums of the corresponding Fourier series are denoted by S n ( f ) =
A complex null sequence {c n } satisfying
|∆(c n −c −n )| lg n < ∞ is called weakly even (see [10] ). It is obvious that if {c n } is an even sequence then it is weakly even.
In the case of complex coefficients, i.e. if {c n } is weakly even, the modified sums are defined as follows (see [2] ):
where
e i j t and D k is the Dirichlet kernel. In the case of real coefficients (see [4] ) Garrett and Stanojević, defined the following class C . A null sequence {a n } of real numbers belongs to the class C if for every ε > 0, there exists a δ > 0, independent of n and such that
where {a n } is a real null sequence of bounded variation of integer order
Garrett, Rees and Stanojević (see [5] ) have given necessary and sufficient conditions for series (1.3) to be Fourier series of some f ∈ L 1 (0, π). Namely they have proved the following theorem.
Theorem A. Let {a n } ∈ (BV) m , m = 1, 2, 3, . . . and a n lg n = o(1), n → ∞. Then
The difference of noninteger order σ ≥ 0 of the sequence {a n } ∞ n=0 is defined as follows:
Wang and Telyakovskii (see [20] ) have considered the following class of real sequences {a n }.
Namely, a null-sequence {a n } belongs to the class (BV) On the other hand in [14], we have defined the extension C r , r = 1, 2, 3, . . . of the GarretStanojević class C as follows:
A null real sequence {a n } belongs to the class C r , r = 1, 2, 3, . . . if for every ε > 0, there exists δ > 0, independent of n and such that Stanojević in [9] defined the class C * of all weakly even complex sequences such that for every ε > 0, there exists δ(ε) > 0, independent of n, and
In this paper, we shall consider complex null-sequences {c n } such that
Let C * r denote the class of all complex null sequences {c n } such that for every ε > 0 there exists δ(ε) > 0, independent of n and such that
We note that the class (BV ) m r , r = 1, 2, . . ., m = 1, 2, 3, . . ., for m = 1 is the class (BV ) r , defined in [13] .
In [13] , we have proved the following theorem.
Theorem D. Let {c n } is a complex sequence such that (1.4) holds. If
In this paper, we shall extend the Theorem D, by considering the class (BV )
In addition we shall give the extension of the Theorem A, by considering the Wang-Telyakovskii
Lemmas
For the proofs of the our main results, we need the following Lemmas:
Lemma 1.([7])
For each r = 0, 1, 2, . . . the following inequality holds
Lemma 2.([7]) For each nonnegative integer n, there holds c n E
(r )
We note that this lemma for r = 0, was proved by W. Bray andČ. V. 
Then for δ > 0 the following limit holds
Proof. It is easy to prove that
c k e i kt + c n+1 E n (t ) .
Now we consider the identity, obtained by V. B. Stanojević in [8] .
where ω = 1 − e −i t .
Setting M = n and letting N → ∞, for t = 0, we obtain:
c j e i j t .
Hence, 
c j e i j t + c n+1 E n (t ) .
Applying the inequality (see [17] )
we obtain that the series 
Then, 
Applying Lemma 3 and (2.1), we obtain
and n r |c n | lg n = o(1), n → ∞, the second sum on the right-hand side of the inequality (2.2) is finite sum of o(1)-terms as n → ∞. Hence,
Using the equality
we obtain
Main result
Theorem 1. Let {c n } be a sequence of complex numbers such that (1.4) holds. If
Proof. Sufficiency: Assume that
For t = 0 it follows from ( * ) that
From Lemma 1, (1.4) and Lemma 4, we obtain
Applying Lemma 2, we obtain
Hence,
Necessity: Let {c n } ∈ (BV ) m r ∩C * r , (1.4) holds and S (r )
Applying Lemma 2, it suffices to show that 
if and only if n r a n lg n = 0(1) , n → ∞ .
Proof. Let m be the least integer such that m ≥ σ. Then by Theorem B, we obtain {a n } ∈ (BV) m r and by Theorem C, the point-wise limit f (r ) of the r -th derivative of the sum S n (a) exists in (0, π] . Applying the same technique for series (1.3), as in the proof of Theorem 1, the proof of this theorem is obvious. It is clear that S r ⊂ S qr . On the other hand, in [16] we defined an equivalent form of the Sheng's class S qαr , q > 1, α ≥ 0, r ∈ {0, 1, 2, . . . , [α]} (see [7] ) as follows: a null sequence {a k } belongs to the class S qαr , q > 1, α ≥ 0, r ∈ {0, 1, 2, . . . , [α]} if there exists a monotonically decreasing sequence {A k } such
Some corollaries for
The following embedding relation holds (see [16] )
S qαr ⊂ (BV ) r ∩C r , 1 < q ≤ 2 , α ≥ 0 , r ∈ {0, 1, 2, . . . , [α]} . We note that for α = r we obtain analogical results for the classes S qr and S r , and for r = 0 for the Sidon-Telyakovskii class S.
Denote by I m the diadic interval [2 m−1 , 2 m ), for m ≥ 1.
A null sequence {a n } belongs to the class F qr , q > 1, r = 0, 1, 2, . . . if It is obvious that for r = 0, we obtain the Fomin's class F q . q > 1 (see [3] ). But in [12] we verified the embedding relation F qr ⊂ (BV ) r ∩C r , 1 < q ≤ 2 , r = 1, 2, . . . . 
